INCREASE OF THE BINDING ENERGY OF AN ELECTRON BY 
COUPLING TO A PHOTON FIELD 



CHRISTIAN HAINZL 

Abstract. We look at an electron in the field of an arbitrary external poten- 
tial V, such that the Schrodinger operator p 2 + V has at least one eigenvalue, 
and show that by coupling to a quantized radiation field the binding energy in- 
creases, at least for small enough values of the coupling constant a. Moreover, 
we provide concrete numbers for a, the ultraviolet cut-off A, and the radiative 
correction for which our procedure works. 



1. INTRODUCTION 

Quantum Electrodynamics (QED) has proved one of the most successful theories 
in physics. Nevertheless the treatment by means of perturbation theory and the 
rcnormalization procedure has caused some uneasiness among mathematicians. 

A couple of years ago Bach, Frohlich, and Sigal initiated a rigorous non-perturba- 



tive study of non-relativistic QED. Among other results they proved in [BFS| the 
existence of a ground state for small values of the coupling parameter a. At least for 
one particle Griesemer, Lieb, and Loss [ GLL| , which we refer to for an extensive list 



of references, succeeded in removing these restrictions, whereas for more particles 
the analogous result is shown under very reasonable conditions. 



Based on this result in [GLL], the author, V. Vougalter, and S. Vugalter recently 
proved in [HVV] that coupling a charged boson to a radiation field enhances binding. 
Namely, for some short-ranged potential V binding can occur although the operator 
p 2 + V does not have a negative eigenstate. Intuitively this phenomenon does not 
surprise, because the "photon cloud" surrounding the particle should increase its 



effective mass which lowers the ground state energy. The result in [ HVV | is valid in 
the case the parameter a, which measures the coupling to the field, is small enough. 
This restriction stems from the fact that we are only able to control the self-energy 
of a particle, S Q , which is a complicated function on a and the ultraviolet cut-off 



A (cf. [LL2]), for small values of a. 

In the present paper we study the ground state energy of one electron moving 
in an arbitrary external potential. The only requirements needed are the self- 
adjointness of p 2 + V and the existence of a ground state. We couple this operator 
to a quantized radiation field through the Pauli-Fierz Hamiltonian, H a = T + V, 
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with T = [a - (p+ ^/a^)] 2 + Hf. Our main theorem states that the binding energy, 
(1.1) AE = inf spec T — inf spec H a , 

increases as soon as the radiation (a > 0) is turned on. Our result again holds for 
sufficiently small values of a. 

Although not necessary for our main result concerning the binding energy defined 



by (1.1), we assume the external potential V to satisfy analogous conditions as 



in GLL |, which are physically very reasonable, in order to guarantee that the 



inf spec H a is a ground state eigenvalue. 



Our considerations concerning the self-energy of an electron are based on [HI] 



Nevertheless, referring to the calculations in [HI, Theorem 1], we generalize the 
notation and improve the error estimates in a. 

In Section ^ we evaluate the radiative correction in the case of a nucleus and we 
provide concrete numbers for a and A for which enhanced binding can be guaran- 
teed. Furthermore, we comment on non-perturbative mass renormalization. 



2. DEFINITIONS AND MAIN RESULTS 
The self-energy of an electron is described by the Pauli-Fierz operator 
(2.1) T= (p + V^A(x)) 2 + V^v-B(x)+H f . 

The unit of energy is mc 2 /2, where m is the electron mass, the unit length is 
l c = 2h/mc, twice the Compton wavelength of the particle, and a = e 2 /he is the 
fine structure constant, where e is the charge of the electron. The physical value of a 
is ~ 1/137. In the present paper a plays the role of a small, dimensionless number, 
which measures the strength of the coupling. Our results hold for sufficiently small 
values of a. a is the vector of Pauli matrices (ax, 02, 03). Recall, the <ii are 
hermitian 2x2 matrices and fulfill the anti-commutation relations o~i<jj + ajO~i — 
2I C 2di_j. The operator p = — iV, while A is the magnetic vector potential. The 
magnetic field is B = curl A. The unit of A(x) 2 is mc 2 /2l c . We fix the gauge 
divA = 0. The units are chosen as in |GLL| . 

The underlying Hilbert space is 

H = £ 2 (M. 3 ;C 2 )(g>F 

where T is the Fock space for the photon field. 
The vector potential is 



M*)=Y, I j^[ex(k)a x (k)e ikx + e x (k)ai(k)e- ik3: }dk = D(x)+D*(x), 
S-?„Jm? \k 17 



A=l,2 ' 

and the corresponding magnetic field reads 



B ^ = J2 I T^[(ky<^e^(k))a x (k)e ^kx + (kxte x (k))al(k)e- ikx ]dk 



E(x)+E*(x), 
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where the operators a\ and a\ satisfy the usual commutation relations 

[a v (k),a* x (q)] = 5(k - q)S\ >v , [a\(k), a u (q)] = 0, etc. 

The vectors £\(k) G M 3 are any two possible orthonormal polarization vectors 
perpendicular to k. 

The function x(l^l) describes the ultraviolet cutoff on the wavenumbers k. We 
choose x to be the Heaviside function 9 (A — \k\). Throughout the paper we assume 
A to be an arbitrary but fixed positive number. The physical value of A is expected 
to be less or equal 2 which corresponds to the energy mc 2 . This energy is a natural 
upper bound for the cut-off parameter since it is the maximum value that guarantees 
that no pair-production takes place. 

The photon field energy Hf is given by 



Hf=J2 I \k\a\{k)a x {k)dk. 



A=l,2 1 

Our first theorem concerns the behavior of the self-energy of an electron 
(2.2) E Q = inf spec T, 



for fixed A and small a. Although it is mainly based on [HI, Theorem 1], we give 
a slightly different proof including an improvement of the error estimate. 

Analogously to [HI, Theorem f] we first define the critical cut-off parameter 

(2.3) A = Max{A|(/, EA~ 1 E*f) < \\f\\ 2 (OlEA' 1 E*\0) V/ e £ 2 (M 3 )}, 
where |0) is the vacuum in the Fock space T . 

THEOREM 2.1. Let A < A. Then 

(2.4) |E Q - 87ra[A - ln(l + A)]| < Co 2 , 

for some constant C > depending on A. 

For A > A (2.4) holds with an error C(a 5 / 4 ). 



REMARK 2.2. Fortunately, A can be evaluated explicitly and is about A ~ 12.6. 

We consider an electron in an arbitrary external potential, described by a real 
valued function V, independent of a, which satisfies (1) that the negative part of 
V, V-, is dominated by the kinetic energy p 2 = — A, 

(2.5) V-<-eA + C £ , 

for any e > and for some positive constant C e , such that the self-adjointness 
and boundedness from below of p 2 + V is guaranteed. Additionally, since we want 
the essential spectrum to start at 0, we require (2) that V- tends to at infinity. 
Furthermore, we assume (3) that the operator p 2 + V has at least one negative 
energy bound state. 

The corresponding operator with a quantized radiation field reads 

(2.6) H Q = T + V. 
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Recently, Griesemer, Lieb, and Loss |GLL | proved for all values of a, A that H 



has an eigenstate, as well as that the binding energy E Q — E Q , with 

(2.7) E Q = inf spec H a , 
cannot decrease, i.e. 

(2.8) E Q - £ Q < -e , 

where — eg = inf spec [p 2 + V]. As the main result we show that at least for small 



values of the coupling constant a the binding energy increases, namely ( |2.8| ) holds 
with strict inequality. 

THEOREM 2.3. Let A < A. Let V satisfy the conditions (l)-(3), and 4> be the 
ground state of p 2 + V with corresponding energy —eg. Then 

(2.9) E Q — S Q < — eo — ot£{V, A) + 0(a 2 ) 

for some positive number £ (V, A) depending on V and the cut-off A. Moreover, 
there exists a number p > 0, such that for all a £ (0, p] 

(2.10) E Q - £ Q < -e . 
For A > A (1111) holds with an error 0(a 5 ^ 4 ). 



REMARK 2.4. The equation (\Lg) holds for all real V, such that p 2 + V is self- 
adjoint and has a ground state. But only for V satisfying (1) — (3) we know that 
H a has a ground state. 

We actually check that £(V, A) is bounded from above by 

(2.11) £(V,A) < ||p^|| 2 ^ln[l + A]. 

Moreover, we strongly conjecture that apart from errors of order o(a) Equation 
( |2.9|) holds with equality. 



3. PROOF OF THEOREM |2T 
3.1. Upper bound for S Q . We define the sequence of trial wave functions 

(3.1) $ n = {/„• t, -V^b>l-t + H f \- l {d t) ■ E*f n , 0, 0, . . . }, 

with f n S £ 2 {R 3 ), \\f n \\ = 1 and \\pf n \\ -> for n -> oo. Notice, 

(3.2) x - = /»(*) ® [£*(x)|0)](z - 

is a function depending on (x, x — £). The function [i?*(a;)|0)](a; — £) is intensively 



described in HI , Section 2]. Recall, | denotes the spin up vector, x the position of 
the electron and £ is the photon variable. For convenience we introduce the relative 
variable rj = x — £, and we keep in mind 

(3.3) ([p 2 +H f ]E*f n ) (x,r,) = ([ Px + Pr ,} 2 + \p v \)E* f n (x,r,). 

For our calculations we just need to know that the Fourier transform of E*\0) is 

(3.4) F[E*\0)(r,)](k) ee H{k) = £ H x (k) = i £ (k x 

A=l,2 A=l,2 ' ' 
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(cf. [HI]). Denote the 1-photon part of \& n as Notice, 

(3.5) = [P,+Pv} 2 ^n) = {<,P 2 v O + Error«), 

where, due to our assumption that ||j?/n|| tends to 0, Error(?/; J 1 l ) — > as n — + oo. 
Furthermore, we compute 

«, \p% + Hf}^) + 2^ ((<? T) • E*fn,ri) = 

-a ((a VE*f n , \p% + H f ]-\d |) ' £*/») = -a\\f n \\ 2 (0\E[p 2 + Hf^E^O) 
Evaluations analogously to ]H1|, Section 3.1] show 



X=l,2 



(3.6) = 2 1 j^^dk = 4tt[A 2 - 2[A - ln(l + A)]]. 

Therefore, we arrive at 
S a < lim {^ n ,T^ n )/(^ n ^ n ) = 4naA 2 -a(0\E[p 2 + H f }- 1 E*\0)+O(a 2 ) 

n — *oo 

< 87ra[A-ln(l+A)] + C(a 2 ), 

where 

(3.7) 0(a 2 ) <a 2 {0\E[p 2 + H f ]- 1 E*\0)\\[p 2 + H f ]- 1 E*\0)\\ 2 . 

3.2. Lower bound on E Q . We take some G 7Y close to E a , i.e. (*,T\I>) < 
87raA + 0(a 2 ), which is obviously possible and = 1. Since T > Hf we imme- 
diately get for those \I/'s 

(3.8) < 87raA. 



Therefore, by means of Schwarz' inequality we obtain, as in |H1], 

(3.9) 2y/^(^,pA^) < a\\p^\\ 2 +4a" 1 a||L»*|| 2 

(3.10) y/^(ty,aBq>) < cA 3 a||*|| 2 + c" 1 (l/A 3 )|j£;*|| 2 , 
for any a, c > 0. With fGLLj Lemma A. 4], 

(3.11) D*D < 8irAH f , E*E < —A 3 H f , 

3 

we infer 

(3.12) \\p^\\ 2 < daA 3 + C 2 aA 



for some constants C± t 2 > 0. Equations (3.8) and (3.12) will be decisive to control 
our error estimates. Recall, 

(3.13) A 2 = AnaA 2 + 2D* D + 21R.DD. 

Thus, 



OO 

(*,T*) > 4™A 2 ||*|| 2 + £b[Vto,^i] + ^£[^,^1,^+2] + 2a(*,D*i)*), 

n=0 
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where 

(3.14) = (^1,^1) +2V^M(aE*Tpo,i>i) 
and 

£[lp n ,1p n +l,1pn+2] = bPn+2, Alp n+2 ) + 

(3.15) +23? ([y/aaE* + 2y/^D*p]^ n+1 + aD* V„+ 2 ) ' 
where 

(3.16) A = p 2 + H f . 



Next, we proceed analogously to [HI]. We denote a general W e W by 

(3.17) * = {^(a^ifom)) ....,ip n {x,r)x, ...,??„), ...}, 

with a; — = where we omit for simplicity the photon polarization variables A^. 
For convenience we will work in momentum representation 

(3.18) (1,771, ...,77„)](Z, k) = ip n (l,k), 

with fc = (fci, k n ). 

First of all, we follow [HI, Section 4.2] and decompose if> n into a part where 
£i=i — A an d i 11 ^ its complement. This can be done by an additional cut-off 
function xa(^) = ©(A — I^D- Respectively, we denote 

1pn(h fc )XA( fc ) = ^n(2| 1pn(h k)[l - Xa(&)] = IpnQ, k). 

Therefore, we rewrite 

£[V>„, VVi+1,^+2] = £ [^nj^ , n+l)V'r»+2] 

(3.19) +2a[3f{(ir^, £»Vn+ 2 ) + (DVn+a.-DV'n+a)]. 



Using first Schwarz' inequality and afterwards the relations (3.11) we derive 
2a[$t(D*i^,Di) n+2 ) + (Dip n+2 ,DiP n+2 )} > ~(D*^,D*^K) > 
(3.20) > ~[A 2 \\i^f + A(^,H f ^)} > -0(a)A(fa,Hfl£), 
for, from the definition of Xa(&), 

n „ 

Hf^) =Y, Ml, k) 2 \h\ > A||^|| 2 . 

2 = 1 

Next, we regard the term £ [ip n , ip n +i) ipn+z]- By Schwarz' inequality we easily 
compute 

(3.21| 

£ [^n.Vn+i.V'n+z] > - 1 1 ^{A^^oE* + A~ 1 / 2 D*p]^ n+1 + aA~ 1/2 D* D* i> n || 2 . 
Similarly, 

(3.22) £ hfo, ^i] > - a {ffE*ih, A~ 1 aE*ip a ). 



INCREASE OF THE BINDING ENERGY OF AN ELECTRON 



Now we are going to evaluate the r.h.s. of ( |3 .21 ). First, we consider the diagonal 
terms. The most important one is 

(3.23) -a^^i.r 1 ^^), 
which, due to the well known anti-commutation relations 

(3.24) + ajCFi = 28ij, 
is equivalent to 

(3.25) -a(il> n+l ,EA- 1 E*1>» H ). 



Following [HI, Section 3.2] this term can be bounded from (for A < A) below by 



(3.26) 



a\\^ n+1 \\ z (0\EA- i E*\0)-O(a)A 2 (ip n+1 ,H f ip n+1 ), 



which is also valid for (3.22); namely, 

(3.27) -aiBE^^A^ffETiM > -a\\ipa\\ 2 (0\EA- 1 E*\Q). 
Another diagonal term is 

(3.28) -a 2 (^ l ,DDA- 1 D*D*^T n ), 



which according to [HI, Section 4.2] is estimated by 



( HI ) > -a 2 \\i> n f{0\DDA- 1 D*D*\0) - 0(a 9/4 )ll^+il| 2 + G(a)A(^„ + i, H f i> n+l ). 
To evaluate the third diagonal term we first introduce the notation 



(3.29) 



Thus, 



r[D*\o)](k) = G(k)= J2 G ^)= E £ ^fm 



A=l,2 



A=1.2 



Ik] 1 / 2 



(3.30) -a( P D*ip n+1 ,A- 1 P D*ij n+1 ) = 

[G x (p)-K] 2 \yj n+1 (l,k)\ 2 



E 



A=l,2 



I^P + bl + Eri 1 !^ 



dldpdk+ 



[G x (p) ■ K] [G x (q) ■ K] i> n+1 (l,p, fc)V«+i(/,9, k) 



dldpdqdk 



with k — (ki, k n+ i), k = (&2 
+i 

=2 



^l 2 + bl + M + ES ;\kt\ 

k n+ i), K = I + p + Yh=i k% and K = I 



p + q + Efi 1 ^i- The fi 1 ^ term in the r.h.s. is simply bounded from below by 



-a87rA||pV>„ + i| 
(3.31) 



Moreover, using 



\K\ 2 + \ P \ + \q\+E:=2\ki\ 



< 1, 



the second term is estimated by — a87rA 2 (-0„ + i, Hfip n +i). 
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Next we consider the off-diagonal terms. Notice 



A=l,2 



J \K\* + \p\+TEt\ki\ 
+nSR / ^ — ti dldpdqdk 

J l#l 2 + bl + kl + Er= 2 N 

The first term in the r.h.s. vanishes, because the integral is purely imaginary. For 
the second term we use l") , < \b~ x l 2 and bound it by 

a z +b — 2 J 



< an 



\G(p)\\H(q)\ J — — / — - 



Cbl + lffl) 1/3 bl 1/a kl 

< 0(a)A 3 / 2 (i, n+1 ,H f i> n+1 ), 

with 

(3.32) *w(p) = / \i/j n +i(l,pM 2 dldk. 

Obviously, the term 2a 3 / 2 ^R{pD*ip n+ i 1 A~ 1 D*D*ip n ) is dominated by 

(3.33) a\\A- 1/2 P D*^ n+1 \\ 2 + a 2 (^ n ,DDA- 1 D*D*^ n ), 

where we can apply above estimates. 

Finally, it is possible to bound a 3 / 2 $t(aE*ip n+ i, A~ 1 D*D*?p n ) from above by 

0(a 3/2 )A 3/2 ^ Jn+uHf ^ n+1 ) + A(^ n ,H f ^ n )} . 

Collecting above estimates and summing over all n we arrive at 
(tf,T#) > 47raA 2 ||*|| 2 - a\\V\\ 2 (0\EA- 1 E*\0) - 

(3.34) -O(o)(*, fl)¥) - 0(a)||p*|| 2 - C(a 2 )||*|| 2 . 



By our a priori estimates (3.8) and (3.12) we prove the Theorem. 
The second part follows immediately from HI , Theorem 1]. 



4. PROOF OF THEOREM 2.3 



It suffices to use a cleverly chosen trial wave function. We furthermore conjecture 
that our choice is optimal in the sense that ( |2.9| ) holds as equality apart from errors 
of order 0(a 3 ^ 2 ). We assume that <j>{x) € £ 2 (M 3 ) is the ground state of p 2 + V, i.e. 

(4.1) (j? + V)<j> = -e <f>. 

Recall, 

3 

E*<p{x^) = 4>(x) ® [E*(x)\0)](r,), D*p<\> = ^p^(x) ® [D*\0)]( v ) 

i=i 

are 1-photon functions depending on x and the relative coordinates x — £; = rj 



(cf. [HI]). Therefore, in configuration space, where ip(x,r]) denotes one of these 
functions, we have (cf. the previous section) 

(4.2) [(p 2 + H f )il>](x,rj) = ({ Px +p v } 2 + Mtfari). 
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For sake of convenience we define the operator 

(4.3) A v =p 2 x + p 2 + H f + V + e = {p 2 x + V + e ) <8> I + 1® (p 2 + H f ), 

which acts on C 2 ((R 3 ; C 2 ) ® (R 3 ; C 2 )) and is obviously positive and invertible. 
Now, we choose our trial wave function \& G 7i 

(4.4) * = {4>, -2y/^A v 1 D*p4> - yfaA^aE*^, 0, 0, ...}, 

where 4> = (j>- f. We assume \\(f>\\ = 1 and for simplicity we denote the 1-photon 
part as Vi- Notice, aE*4> = <t>®(a |) ■ £*|0). 
First, observe that Ay4> — yields 

(4.5) A v dE*4> = (p\ + H f )aE*4>. 
Therefore, since Ay and p n + Hf commute by definition, we infer 

(4.6) AfaETj = (p 2 + H f y 1 aE*(f>, 
and 

(4.7) (laEA^aE^) = ||0|| 2 <O|£U- 1 £*|O>, 
with A = p 2 + Hf. Thus, we evaluate 

(*,H a tf) = 47r a A 2 ||*|| 2 - eo ||*|| 2 + (V'i,A y ^ 1 ) + 2V^3fi((^*+2C*p)0,Vi) 

(4.8) +2a{1> 1 ,D*Lhl) 1 ) + 2(1> 1 ,p x -p^i). 

Notice, the cross term 

(4.9) a E Ay 1 D* pip) = aEA~ 1 D*p4>) 

vanishes as in the previous section, because it is purely imaginary. Therefore, by 
our choice of V'i we get 

(V>i, A y Vi) + 2>/aR ((<?£* + 2D*p)0, Vi) = 

(4.10) = -4a(D*p x <f>, A v 1 D* Vx <\ ) ) - o^f^EA^E*^), 

which indicates that our choice of ipi is optimal. Moreover, we have 

0>i,Px ■ P-n^i) = a(D*p x <f>, A v x p x ■ p v A v 1 D*p x (f>) 

- a {<rE*4>, A~ x p x ■ Vj] A- x 5E*$) + 2a$t(D*p x 0, Ay 1 Px ■ p^aE*^). 

The first term in the r.h.s. vanishes by integrating over the 77-variable (the best 
way to see it is using the representation in momentum space). The second term 
vanishes when integrating over the cc-variable (notice, {(j),p x <p) = 0), and the third 
term vanishes, because it is again purely imaginary. 
Using above considerations and the fact that 

(4.11) 47raA 2 - a^EA^E*^) = 87ra[A - ln(l + A)] 
we infer 



(*, H Q tf )/(* , *) = -e + 87ra[A - ln(l + A)] - 4a(D*p x ct>, Ay 1 D*p x ^) + 0(a 2 ), 
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which proves the first statement of the Theorem with 
(4.12) £(V, A) = Aa{D*p x< j>, A v 1 D*p x 4>). 

The second statement follows by the observation that (D*p x (f>, Ay 1 D*p x (f)) is 
strictly larger than 0, which is a consequence of the fact that D*p x (j> is a not 
identically vanishing function £ £ 2 (R 3 g> (R 3 ,C 2 )) and Ay an invertible operator. 

The statement for A > A follows from [HI, Theorem 2.1] and above estimates. 



5. Computation of concrete numbers 



5.1. Error for the self-energy. We are going to calculate the error Err of the 
self-energy, 



(5.1) 



87ra[A - ln(l + A)]| < Err (a 2 ). 



For sake of convenience, we treat only the case A < A. The most important part is 
to estimate the kinetic energy term |jp 1 I , || 2 for \f close to the ground state S a . 
By means of (3.£), (3.1C) and then applying (3.11) we obtain 



87raA > (^,T^)>(l-a)\\p^\\ 2 + (^,H f ^)~ 
-4a- 1 a||£'*|| 2 - caA 3 - 1/{cA 3 )\\E^\\ 



> (l-a)||p*|| 



cak A 



1 - a _i 327raA- c _i — 



where 1 > a > 0. We require the last term [..] to be > 0. For simplicity, we choose 
c = 87r, then our first condition on a reads 

a 



(5.2) 
and additionally 

(5.3) 



a < 



16ttA 



Ml 2 < 8 ^_ + /\ 



It is not difficult to see that the main contribution to Err stems from ( 3.26 ) and 
( |3~30| ). When we take that value twice we obtain a rather accurate upper bound 
for Err. From the Section 3.2 we know that (3.30) is bounded by 

87raA||p*|| 2 + 87raA 2 (*, H f ^!). 



From the proof of Theorem 1 in [HI] we infer 

(IJf) < eTraA^*,^/*), 
which implies, after doubling the value, 

Err < 167raA||p^|| 2 + 2Snak 2 {^,H f ^) 

(16tt) 2 A 2 (1 + A 2 ) 2a2 
< a z K - ' , + 14 ■ 16tt 2 A 2 

where we used (|5.3|) and (^1) 



1 - a 
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5.2. Electromagnetic Energy-shift. We consider an electron in the field of a 
nucleus with charge Z, i.e. 

v = -^ 

\A 

where (3 is the "real" fine structure constant (3 = 1/137. The ground state energy 
of the corresponding Schrodinger operator p 2 + V is known to be 

inf spec [p 2 +V] = -e = -\{PZ) 2 
measured in units [ m » c ] with m e the electron mass. The corresponding radiative 



correction, obtained in (4.12), is given by 



(5.4) £{V,A) = -ai^pDAT^pD*^), 



^2 



where 4> = <MM) denotes the ground state of p 2 + V. We know 

(5.5) V0(M) = d r 0(r)e r (9, <p) = e o /2 0(r)e;(0, <p) 

when using polar coordinates. Denote with (pi the eigenstate of p 2 + V with corre- 
sponding eigenvalue — e^. Then, by means of ( |5.5| ), we obtain, by straightforward 
computations, 

(5.6) (frpDAfpD*® = 4^eo ]T |c,f t P Q ( A ~p\ j p = e F(A), 



eo - e.i + P A + P 



where 



4>i(r, 9, <p)4>(r) cos(9)r drdQ, 



with d£l = sin9d9d<p. Notice, ^2 \ c i\ 2 = 2/3 and 

^ln[l+A]/F(A)-l 

as A — » oo. That is why, for simplicity, we take ^ ln[l + A] instead of F(A) and 
obtain an approximative radiative correction 

32-tt 

(5.7) R c = ae — ln[l + A] 

for the binding energy. (Indeed, for A ~ 1 these two functions perfectly coincide, 
but still for A = e , F(A)/^- ln[l + A] - 0.3.) 



Notice that in contrary to Bethe's formula in [Be|, where the energy shift grows 
with Z 4 , our correction term only increases as Z 2 . 



Consider a hydrogen or helium atom and take A = 2 then (5.7) turns out to 
be much too large compared with experiment, whereas setting A ~ eo yields a 
correction R c ~ P((3Z) 4 ~ /? 3 Z 4 Ry, which agrees with Bethe's prediction (if f3Z -C 
1) and ranges within experimental data. 
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5.3. Calculating concrete values of a and A. We search for values of a and 
A, that guarantee the error of the self energy Err being smaller than the radiative 
correction Rc- This leads to the condition: 

f |e ln[l + A] a 1 

Set A = cq <§; 1 (Z ~ 1) and take into account ln(l + eo) ~ eo then for 

a < 1/457T 

enhanced binding is guaranteed. (Recall, this bound is by far not optimal, since for 
small A we are able to work with much better a priori estimates, ('J, T^>) < 87raA 2 , 
from the beginning, which would imply an a < l/eo457r ~ 100.) 
Now we take A = 1 and a = 1/4. Then 

a < Min{e /21, 1/200}. 

For Zj3 = 1 the a required is 1/200, which still coincides quite well with the physical 
value, whereas for Z = 2 we need a < 1/(4 • 10 5 ) to dominate Err by Rc- 

We conclude that in the case of A ~ eo, which seems to be reasonable, we obtain 

(1) an energy shift comparable to experiment, 
and 

(2) the error of the self-energy, in the case of a — 1/137, is (much) less than Rc- 

5.4. A comment on mass renormalization. Lets re-introduce for the moment 
the electron mass in the definition of T and p 2 . One way of defining the renormalized 
mass (cf . JLL2 ] ) is to set the binding energy equal to the physical binding energy, 



i.e. 



^TOphys(-^/3) 2 = S Q — E a , 



which, in the case of small a and assuming that ( |2.9| ) holds with equality, implies 

Wphys = to [1 + aAF{K/m)] . 
For A/to ~ 1 this perfectly agrees with 



m p hy S = m 



327T , ,„ 4,i 

a ln(l + A/to) 

3 



which is exactly what we obtain (for a — * 0), when defining the renormalized mass 
by means of the ground state energy of a free electron with fixed total (electron + 
photon) momentum P. 
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